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A COMPREHENSIVE CLASS OF HARMONIC FUNCTIONS
DEFINED BY CONVOLUTION AND ITS CONNECTION WITH
INTEGRAL TRANSFORMS AND HYPERGEOMETRIC
FUNCTIONS
SUMIT NAGPAL AND V. RAVICHANDRAN
Abstract. For given two harmonic functions Φ and Ψ with real coefficients
in the open unit disk D, we study a class of harmonic functions f(z) = z −∑
∞
n=2
Anzn +
∑
∞
n=1
Bnz¯n (An, Bn ≥ 0) satisfying
Re
(f ∗ Φ)(z)
(f ∗Ψ)(z)
> α (0 ≤ α < 1, z ∈ D);
∗ being the harmonic convolution. Coefficient inequalities, growth and cover-
ing theorems, as well as closure theorems are determined. The results obtained
extend several known results as special cases. In addition, we study the class
of harmonic functions f that satisfy Re f(z)/z > α (0 ≤ α < 1, z ∈ D). As
an application, their connection with certain integral transforms and hyperge-
ometric functions is established.
1. Introduction
Let H denote the class of all complex-valued harmonic functions f in the open
unit disk D = {z ∈ C : |z| < 1} normalized by f(0) = 0 = fz(0)− 1. Such functions
can be written in the form f = h+ g¯, where
(1.1) h(z) = z +
∞∑
n=2
Anz
n and g(z) =
∞∑
n=1
Bnz
n
are analytic in D. We call h the analytic part and g the co-analytic part of f .
Let SH be the subclass of H consisting of univalent and sense-preserving functions.
In 1984, Clunie and Sheil-Small [5] initiated the study of the class SH and its
subclasses.
For analytic functions φ(z) = z+
∑
∞
n=2Anz
n and ψ(z) = z+
∑
∞
n=2A
′
nz
n, their
convolution (or Hadamard product) is defined as (φ∗ψ)(z) = z+
∑
∞
n=2AnA
′
nz
n, z ∈
D. In the harmonic case, with f = h+g¯ and F = H+G¯, their harmonic convolution
is defined as f ∗ F = h ∗ H + g ∗G. Harmonic convolutions are investigated in
[7, 8, 10, 15, 16].
Let T H be the subclass of H consisting of functions f = h+ g¯ so that h and g
take the form
(1.2) h(z) = z −
∞∑
n=2
Anz
n , g(z) =
∞∑
n=1
Bnz
n (An, Bn ≥ 0).
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Making use of the convolution structure for harmonic mappings, we study a new
subclass T H(Φi,Ψj;α) introduced in the following:
Definition 1.1. Suppose that i, j ∈ {0, 1}. Let the functions Φi,Ψj given by
Φi(z) = z +
∞∑
n=2
pnz
n + (−1)i
∞∑
n=1
qnz¯
n
and
Ψj(z) = z +
∞∑
n=2
unz
n + (−1)j
∞∑
n=1
vnz¯
n
are harmonic in D with pn > un ≥ 0 (n = 2, 3, . . .) and qn > vn ≥ 0 (n = 1, 2, . . .).
Then a function f ∈ H is said to be in the class H(Φi,Ψj ;α) if and only if
(1.3) Re
(f ∗Φi)(z)
(f ∗Ψj)(z)
> α (z ∈ D),
where ∗ denotes the harmonic convolution as defined above and 0 ≤ α < 1. Further
we define the class T H(Φi,Ψj;α) by
T H(Φi,Ψj ;α) = H(Φi,Ψj;α) ∩ T H.
The family T H(Φi,Ψj;α) includes a variety of well-known subclasses of harmonic
functions as well as many new ones. For example
T H
(
z
(1 − z)2
−
z¯
(1− z¯)2
,
z
1− z
+
z¯
1− z¯
;α
)
≡ T S∗H(α);
and
T H
(
z + z2
(1− z)3
+
z¯ + z¯2
(1− z¯)3
,
z
(1− z)2
−
z¯
(1− z¯)2
;α
)
≡ T KH(α)
are the classes of sense-preserving harmonic univalent functions f which are fully
starlike of order α (0 ≤ α < 1) and fully convex of order α (0 ≤ α < 1) respectively
(see [11, 12, 16]). These classes were studied by Silverman and Silvia [19] for the
case α = 0. Recall that fully starlike functions of order α and fully convex functions
of order α are characterized by the conditions
∂
∂θ
arg f(reiθ) > α (0 ≤ θ < 2pi, 0 < r < 1)
and
∂
∂θ
(
arg
{
∂
∂θ
f(reiθ)
})
> α, (0 ≤ θ < 2pi, 0 < r < 1)
respectively. In the similar fashion, it is easy to see that the subclasses of T H
introduced by Ahuja et al. [2, 3], Dixit et al. [6], Frasin [9], Murugusundaramoorthy
et al. [17] and Yalc¸in et al. [20, 21] are special cases of our class T H(Φi,Ψj ;α) for
suitable choice of the functions Φi and Ψj .
In Section 2, we obtain the coefficient inequalities, growth and covering theorems,
as well as closure theorems for functions in the class T H(Φi,Ψj ;α). In particular,
the invariance of the class T H(Φi,Ψj;α) under certain integral transforms and
connection with hypergeometric functions is also established.
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The study of harmonic mappings defined by using hypergeometric functions is
a recent area of interest [1, 4, 17]. Let F (a, b, c; z) be the Gaussian hypergeometric
function defined by
(1.4) F (a, b, c; z) :=
∞∑
n=0
(a)n(b)n
(c)n(1)n
zn, z ∈ D
which is the solution of the second order homogeneous differential equation
z(1− z)w′′(z) + [c− (a+ b+ 1)z]w′(z)− abw(z) = 0,
where a, b, c are complex numbers with c 6= 0,−1,−2, . . ., and (θ)n is the Pochham-
mer symbol: (θ)0 = 1 and (θ)n = θ(θ + 1) . . . (θ+ n− 1) for n = 1, 2, . . .. Since the
hypergeometric series in (1.4) converges absolutely in D, it follows that F (a, b, c; z)
defines an analytic function in D and plays an important role in the theory of univa-
lent functions. We have obtained necessary and sufficient conditions for a harmonic
function associated with hypergeometric functions to be in the class T H(Φi,Ψj ;α).
The well-known Gauss’s summation theorem: if Re(c− a− b) > 0 then
F (a, b, c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)
, c 6= 0,−1,−2, . . .
will be frequently used in this paper.
For γ > −1 and −1 ≤ δ < 1, let Lγ : H → H and Gδ : H → H be the integral
transforms defined by
(1.5) Lγ [f ](z) :=
γ + 1
zγ
∫ z
0
tγ−1h(t) dt+
γ + 1
zγ
∫ z
0
tγ−1g(t) dt,
and
(1.6) Gδ[f ](z) :=
∫ z
0
h(t)− h(δt)
(1− δ)t
dt+
∫ z
0
g(t)− g(δt)
(1− δ)t
dt.
where f = h + g ∈ H and z ∈ D. It has been shown that the class T H(Φi,Ψj ;α)
is preserved under these integral transforms.
For 0 ≤ α < 1, let
T UH(α) := T H
(
z
1− z
+
z¯
1− z¯
, z;α
)
The last section of the paper investigates the properties of functions in the class
T UH(α). Moreover, inclusion relations are obtained between the classes T UH(α),
T S∗H(α) and T KH(α) under certain milder conditions.
2. The Class T H(Φi,Ψj ;α)
The first theorem of this section provides a sufficient coefficient condition for a
function to be in the class H(Φi,Ψj;α).
Theorem 2.1. Let the function f = h+ g¯ be such that h and g are given by (1.1).
Furthermore, let
(2.1)
∞∑
n=2
pn − αun
1− α
|An|+
∞∑
n=1
qn − (−1)
j−iαvn
1− α
|Bn| ≤ 1
where 0 ≤ α < 1, i, j ∈ {0, 1}, pn > un ≥ 0 (n = 2, 3, . . .) and qn > vn ≥ 0
(n = 1, 2, . . .). Then f ∈ H(Φi,Ψj ;α).
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Proof. Using the fact that Rew > α if and only if |w− 1| < |w+1− 2α|, it suffices
to show that
(2.2) |C(z) + (1 − 2α)D(z)| − |C(z)−D(z)| ≥ 0,
where
C(z) = (f ∗ Φi)(z) = z +
∞∑
n=2
Anpnz
n + (−1)i
∞∑
n=1
Bnqnz¯
n
and
D(z) = (f ∗Ψj)(z) = z +
∞∑
n=2
Anunz
n + (−1)j
∞∑
n=1
Bnvnz¯
n.
Substituting for C(z) and D(z) in (2.2) and making use of (2.1) we obtain
|C(z) + (1− 2α)D(z)| − |C(z)−D(z)|
=
∣∣∣∣∣2(1− α)z +
∞∑
n=2
(pn + (1− 2α)un)Anz
n
+(−1)i
∞∑
n=1
(qn + (−1)
j−i(1 − 2α)vn)Bnz¯
n
∣∣∣∣∣
−
∣∣∣∣∣
∞∑
n=2
(pn − un)Anz
n + (−1)i
∞∑
n=1
(qn − (−1)
j−ivn)Bnz¯
n
∣∣∣∣∣
≥ 2(1− α)|z| −
∞∑
n=2
(pn + (1− 2α)un)|An||z|
n
−
∞∑
n=1
(qn + (−1)
j−i(1 − 2α)vn)|Bn||z|
n
−
∞∑
n=2
(pn − un)|An||z|
n −
∞∑
n=1
(qn − (−1)
j−ivn)|Bn||z|
n
= 2(1− α)|z|
[
1−
∞∑
n=2
pn − αun
1− α
|An||z|
n−1
−
∞∑
n=1
qn − (−1)
j−iαvn
1− α
|Bn||z|
n−1
]
> 2(1− α)|z|
[
1−
∞∑
n=2
pn − αun
1− α
|An| −
∞∑
n=1
qn − (−1)
j−iαvn
1− α
|Bn|
]
≥ 0.
The harmonic mappings
f(z) = z +
∞∑
n=2
1− α
pn − αun
xnz
n +
∞∑
n=1
1− α
qn − (−1)j−iαvn
y¯nz¯
n,
where
∑
∞
n=2 |xn| +
∑
∞
n=1 |yn| = 1, show that the coefficient bound given by (2.1)
is sharp. 
Remark 2.2. In addition to the hypothesis of Theorem 2.1, if we assume that
pn ≥ n (n = 2, 3, . . .) and qn ≥ n (n = 1, 2, . . .) then it is easy to deduce that
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n(1− α) ≤ pn − αun (n = 2, 3, . . .) and n(1 − α) ≤ qn − (−1)
j−iαvn (n = 1, 2, . . .)
so that
∞∑
n=2
n|An|+
∞∑
n=1
n|Bn| ≤
∞∑
n=2
pn − αun
1− α
|An|+
∞∑
n=1
qn − (−1)
j−iαvn
1− α
|Bn| ≤ 1.
By [12, Theorem 1, p. 472], f ∈ SH and maps D onto a starlike domain.
Theorem 2.1 gives a sufficient condition for the harmonic function φ1 +φ2 to be
in the class H(Φi,Ψj;α) where φ1(z) ≡ φ1(a1, b1, c1; z) and φ2(z) ≡ φ2(a2, b2, c2; z)
are the hypergeometric functions defined by
(2.3) φ1(z) := zF (a1, b1, c1; z) and φ2(z) := F (a2, b2, c2; z)− 1.
Corollary 2.3. Let ak, bk, ck > 0 for k = 1, 2. Furthermore, let
(2.4)
∞∑
n=2
pn − αun
1− α
(a1)n−1(b1)n−1
(c1)n−1(1)n−1
+
∞∑
n=1
qn − (−1)
j−iαvn
1− α
(a2)n(b2)n
(c2)n(1)n
≤ 1
where 0 ≤ α < 1, i, j ∈ {0, 1}, pn > un ≥ 0 (n = 2, 3, . . .) and qn > vn ≥ 0
(n = 1, 2, . . .). Then φ1 + φ2 ∈ H(Φi,Ψj;α), φ1 and φ2 being given by (2.3).
The next corollary provides a sufficient condition for ψ1 + ψ2 to belong to the
class H(Φi,Ψj;α) where ψ1(z) ≡ ψ1(a1, b1, c1; z) and ψ2(z) ≡ ψ2(a2, b2, c2; z) are
analytic functions defined by
(2.5) ψ1(z) :=
∫ z
0
F (a1, b1, c1; t) dt and ψ2(z) :=
∫ z
0
(F (a2, b2, c2; t)− 1) dt.
Corollary 2.4. Suppose that ak, bk, ck > 0 for k = 1, 2 and
(2.6)
∞∑
n=2
pn − αun
1− α
(a1)n−1(b1)n−1
(c1)n−1(1)n
+
∞∑
n=2
qn − (−1)
j−iαvn
1− α
(a2)n−1(b2)n−1
(c2)n−1(1)n
≤ 1
where 0 ≤ α < 1, i, j ∈ {0, 1}, pn > un ≥ 0 (n = 2, 3, . . .) and qn > vn ≥ 0
(n = 2, 3, . . .). Then ψ1 + ψ2 ∈ H(Φi,Ψj;α), ψ1 and ψ2 being given by (2.5).
It is worth to remark that Theorems 2.2, 2.4 and 2.11 of [4] are particular cases
of Corollary 2.3, while [4, Theorem 2.8] follows as a special case of Corollary 2.4.
We next show that the coefficient condition (2.1) is also necessary for functions in
T H(Φi,Ψj;α).
Theorem 2.5. Let the function f = h+ g¯ be such that h and g are given by (1.2).
Then f ∈ T H(Φi,Ψj ;α) if and only if
(2.7)
∞∑
n=2
pn − αun
1− α
An +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
Bn ≤ 1
where 0 ≤ α < 1, i, j ∈ {0, 1}, pn > un ≥ 0 (n = 2, 3, . . .) and qn > vn ≥ 0
(n = 1, 2, . . .).
Proof. The sufficient part follows by Theorem 2.1 upon noting that
T H(Φi,Ψj;α) ⊂ H(Φi,Ψj ;α). For the necessary part, let f ∈ T H(Φi,Ψj ;α).
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Then (1.3) yields
Re
(
(f ∗ Φi)(z)
(f ∗Ψj)(z)
− α
)
= Re
(
(1− α)z +
∑
∞
n=2(pn − αun)Anz
n + (−1)i
∑
∞
n=1(qn − (−1)
j−iαvn)Bnz¯
n
z +
∑
∞
n=2Anunz
n + (−1)j
∑
∞
n=1 Bnvnz¯
n
)
≥
(1 − α)−
∑
∞
n=2(pn − αun)An|z|
n−1 −
∑
∞
n=1(qn − (−1)
j−iαvn)Bn|z|
n−1
1 +
∑
∞
n=2Anun|z|
n−1 +
∑
∞
n=1Bnvn|z|
n−1
> 0.
The above inequality must hold for all z ∈ D. In particular, choosing the values
of z on the positive real axis and letting z → 1− we obtain the required condition
(2.7). 
Theorem 2.5 immediately yields the following three corollaries.
Corollary 2.6. For f = h+ g¯ ∈ T H(Φi,Ψj;α) where h and g are given by (1.2),
we have
An ≤
1− α
pn − αun
(n = 2, 3, . . .) and Bn ≤
1− α
qn − (−1)j−iαvn
(n = 1, 2, . . .);
the result being sharp, for each n.
Corollary 2.7. Let ak, bk, ck > 0 for k = 1, 2 and φ1, φ2 be given by (2.3). Then
a necessary and sufficient condition for the harmonic function Φ(z) = 2z−φ1(z)+
φ2(z) to be in the class T H(Φi,Ψj;α) is that (2.4) is satisfied.
Corollary 2.8. If ak, bk, ck > 0 for k = 1, 2, then Ψ(z) = 2z − ψ1(z) + ψ2(z) ∈
T H(Φi,Ψj;α) if and only if condition (2.6) holds, where ψ1, ψ2 are given by (2.5).
Note that [4, Theorem 2.6] is a particular case of Corollary 2.7. By making use
of Theorem 2.5, we obtain the following growth estimate for functions in the class
T H(Φi,Ψj;α).
Theorem 2.9. Let f ∈ T H(Φi,Ψj;α), σn = pn − αun (n = 2, 3, . . .) and Γn =
qn − (−1)
j−iαvn (n = 1, 2, . . .). If {σn} and {Γn} are non-decreasing sequences,
then
|f(z)| ≤ (1 +B1)|z|+
1− α
η
(
1−
q1 − (−1)
j−iαv1
1− α
B1
)
|z|2,
and
|f(z)| ≥ (1 −B1)|z| −
1− α
η
(
1−
q1 − (−1)
j−iαv1
1− α
B1
)
|z|2
for all z ∈ D, where η = min{σ2,Γ2} and B1 = fz¯(0).
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Proof. Writing f = h+ g¯ where h and g are given by (1.2), we have
|f(z)| ≤ (1 +B1)|z|+
∞∑
n=2
(An +Bn)|z|
n
≤ (1 +B1)|z|+
1− α
η
∞∑
n=2
(
η
1− α
An +
η
1− α
Bn
)
|z|2
≤ (1 +B1)|z|+
1− α
η
∞∑
n=2
(
pn − αun
1− α
An +
qn − (−1)
j−iαvn
1− α
Bn
)
|z|2
≤ (1 +B1)|z|+
1− α
η
(
1−
q1 − (−1)
j−iαv1
1− α
B1
)
|z|2
using the hypothesis and applying Theorem 2.5.
The proof of the left hand inequality follows on lines similar to that of the right
hand side inequality. 
The covering result for the class T H(Φi,Ψj ;α) follows from the left hand in-
equality of Theorem 2.9.
Corollary 2.10. Under the hypothesis of Theorem 2.9, we have{
w ∈ C : |w| <
1
η
(η − 1 + α+ (q1 − (−1)
j−iαv1 − η)B1)
}
⊂ f(D).
Using Theorem 2.5 it is easily seen that the class T H(Φi,Ψj;α) is convex and
closed with respect to the topology of locally uniform convergence so that the
closed convex hull of T H(Φi,Ψj;α) equals itself. The next theorem determines the
extreme points of T H(Φi,Ψj;α).
Theorem 2.11. Suppose that 0 ≤ α < 1, i, j ∈ {0, 1}, pn > un ≥ 0 (n = 2, 3, . . .)
and qn > vn ≥ 0 (n = 1, 2, . . .). Set
h1(z) = z, hn(z) = z −
1− α
pn − αun
zn (n = 2, 3, . . .) and
gn(z) = z +
1− α
qn − (−1)j−iαvn
z¯n (n = 1, 2, . . .).
Then f ∈ T H(Φi,Ψj ;α) if and only if it can be expressed in the form
(2.8) f(z) =
∞∑
n=1
(Xnhn+Yngn)(z), Xn ≥ 0, Yn ≥ 0 and
∞∑
n=1
(Xn+Yn) = 1.
In particular, the extreme points of T H(Φi,Ψj;α) are {hn} and {gn}.
Proof. Let f = h+ g¯ ∈ T H(Φi,Ψj ;α) where h and g are given by (1.2). Setting
Xn =
pn − αun
1− α
An (n = 2, 3, . . .) and Yn =
qn − (−1)
j−iαvn
1− α
Bn (n = 1, 2, . . .),
we note that 0 ≤ Xn ≤ 1 (n = 2, 3, . . .) and 0 ≤ Yn ≤ 1 (n = 1, 2, . . .) by Corollary
2.6. We define
X1 = 1−
∞∑
n=2
Xn −
∞∑
n=1
Yn.
By Theorem 2.5, X1 ≥ 0 and f can be expressed in the form (2.8).
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Conversely, for functions of the form (2.8) we obtain
f(z) = z −
∞∑
n=2
µnz
n +
∞∑
n=1
νnz¯
n,
where µn = (1 − α)Xn/(pn − αun) (n = 2, 3, . . .) and νn = (1 − α)Yn/(qn −
(−1)j−iαvn) (n = 1, 2, . . .). Since
∞∑
n=2
pn − αun
1− α
µn +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
νn =
∞∑
n=2
Xn +
∞∑
n=1
Yn = 1−X1 ≤ 1,
it follows that f ∈ T H(Φi,Ψj ;α) by Theorem 2.5. 
For harmonic functions of the form
(2.9) f(z) = z −
∞∑
n=2
Anz
n +
∞∑
n=1
Bnz¯
n and F (z) = z −
∞∑
n=2
A′nz
n +
∞∑
n=1
B′nz¯
n,
where An, Bn, A
′
n, B
′
n ≥ 0, we define the product ∗ˆ of f and F as
(f ∗ˆF )(z) = z −
∞∑
n=2
AnA
′
nz
n +
∞∑
n=1
BnB
′
nz¯
n = (F ∗ˆf)(z), z ∈ D.
Suppose that I and J are subclasses of T H. We say that a class I is closed under
∗ˆ if f ∗ˆF ∈ I for all f , F ∈ I. Similarly, the class I is closed under ∗ˆ with members
of J if f ∗ˆF ∈ I for all f ∈ I and F ∈ J . In general, the class T H(Φi,Ψj;α) is not
closed under the product ∗ˆ. The analytic function f(z) = z − 2z2 (z ∈ D) belongs
to T H(z + z2/2, z; 0), but (f ∗ˆf)(z) = z − 4z2 6∈ T H(z + z2/2, z; 0). However, we
shall show that the class T H(Φi,Ψj ;α) is closed under ∗ˆ with certain members of
T H.
Theorem 2.12. Suppose that f, F ∈ T H are given by (2.9) with A′n ≤ 1 and
B′n ≤ 1. If f ∈ T H(Φi,Ψj;α) then f ∗ˆF ∈ T H(Φi,Ψj;α).
Proof. In view of Theorem 2.5, it suffices to show that the coefficients of f ∗ˆF satisfy
condition (2.7). Since
∞∑
n=2
pn − αun
1− α
AnA
′
n +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
BnB
′
n
≤
∞∑
n=2
pn − αun
1− α
An +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
Bn ≤ 1,
the result follows immediately. 
By imposing some restrictions on the coefficients of Φi, it is possible for the class
T H(Φi,Ψj;α) to be closed under the product ∗ˆ, as seen by the following corollary.
Corollary 2.13. If f, F ∈ T H(Φi,Ψj ;α) with pn ≥ 1 (n = 2, 3, . . .) and qn ≥ 1
(n = 1, 2, . . .) then f ∗ˆF ∈ T H(Φi,Ψj ;α).
Proof. Suppose that f and F are given by (2.9). Using the hypothesis and Corollary
2.6 it is easy to see that A′n ≤ 1 (n = 2, 3, . . .) and B
′
n ≤ 1 (n = 1, 2, . . .). The
result now follows by Theorem 2.12. 
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In view of Corollary 2.13, it follows that the classes T S∗H(α) and T KH(α) are
closed under the product ∗ˆ. The next corollary shows that the class T H(Φi,Ψj ;α)
is preserved under certain integral transforms.
Corollary 2.14. If f ∈ T H(Φi,Ψj ;α) then Lγ [f ] and Gδ[f ] belong to
T H(Φi,Ψj;α), where Lγ and Gδ are integral transforms defined by (1.5) and (1.6)
respectively.
Proof. From the representations of Lγ [f ] and Gδ[f ], it is easy to deduce that
Lγ [f ](z) = f(z)∗ˆ
(
z −
∞∑
n=2
γ + 1
γ + n
zn +
∞∑
n=1
γ + 1
γ + n
z¯n
)
,
and
Gδ[f ](z) = f(z)∗ˆ
(
z −
∞∑
n=2
1− δn
1− δ
zn
n
+
∞∑
n=1
1− δn
1− δ
zn
n
)
,
where z ∈ D. The proof of the corollary now follows by invoking Theorem 2.12. 
The next two theorems provide sufficient conditions for the product ∗ˆ of f ∈
T H(Φi,Ψj;α) with certain members of T H associated with hypergeometric func-
tions to be in the class T H(Φi,Ψj ;α).
Theorem 2.15. Let f ∈ T H(Φi,Ψj ;α) and Φ(z) = 2z− φ1(z) + φ2(z); φ1 and φ2
being given by (2.3). If ak, bk > 0, ck > ak + bk for k = 1, 2 and if
F (a1, b1, c1; 1) + F (a2, b2, c2; 1) ≤ 3,
then f ∗ˆΦ ∈ T H(Φi,Ψj;α).
Proof. Writing f = h+ g where h and g are given by (1.2), note that
(f ∗ˆΦ)(z) = z −
∞∑
n=2
(a1)n−1(b1)n−1
(c1)n−1(1)n−1
Anz
n +
∞∑
n=1
(a2)n(b2)n
(c2)n(1)n
Bnz
n, z ∈ D.
Applying Corollary 2.6, we deduce that
∞∑
n=2
pn − αun
1− α
(a1)n−1(b1)n−1
(c1)n−1(1)n−1
An +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
(a2)n(b2)n
(c2)n(1)n
Bn
≤
∞∑
n=2
(a1)n−1(b1)n−1
(c1)n−1(1)n−1
+
∞∑
n=1
(a2)n(b2)n
(c2)n(1)n
= F (a1, b1, c1; 1) + F (a2, b2, c2; 1)− 2 ≤ 1.
Theorem 2.5 now gives the desired result. 
Theorem 2.16. Let f ∈ T H(Φi,Ψj;α), ak, bk > 0 and ck > ak + bk for k = 1, 2.
Furthermore, if
F (a1, b1, c1; 1) + F (a2, b2, c2; 1) ≤ 4,
then f ∗ˆΨ ∈ T H(Φi,Ψj;α) where Ψ(z) = 2z−ψ1(z)+ψ2(z); ψ1 and ψ2 being given
by (2.5).
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Proof. For f = h+ g where h and g are given by (1.2), we have
(f ∗ˆΨ)(z) = z −
∞∑
n=2
(a1)n−1(b1)n−1
(c1)n−1(1)n
Anz
n +
∞∑
n=2
(a2)n−1(b2)n−1
(c2)n−1(1)n
Bnz
n, z ∈ D.
A simple calculation shows that
∞∑
n=2
pn − αun
1− α
(a1)n−1(b1)n−1
(c1)n−1(1)n
An +
∞∑
n=2
qn − (−1)
j−iαvn
1− α
(a2)n−1(b2)n−1
(c2)n−1(1)n
Bn
≤
∞∑
n=2
(a1)n−1(b1)n−1
(c1)n−1(1)n
+
∞∑
n=2
(a2)n−1(b2)n−1
(c2)n−1(1)n
≤
1
2
∞∑
n=2
n
(a1)n−1(b1)n−1
(c1)n−1(1)n
+
1
2
∞∑
n=2
n
(a2)n−1(b2)n−1
(c2)n−1(1)n
=
1
2
(F (a1, b1, c1; 1) + F (a2, b2, c2; 1))− 1 ≤ 1,
using the hypothesis and Corollary 2.6. Hence f ∗ˆΨ ∈ T H(Φi,Ψj;α) by Theorem
2.5. 
We close this section by determining the convex combination properties of the
members of the class T H(Φi,Ψj ;α).
Theorem 2.17. The class T H(Φi,Ψj ;α) is closed under convex combinations.
Proof. For k = 1, 2, . . . suppose that fk ∈ T H(Φi,Ψj;α) where
fk(z) = z −
∞∑
n=2
an,kz
n +
∞∑
n=1
bn,kz¯
n, z ∈ D.
For
∑
∞
k=1 tk = 1, 0 ≤ tk ≤ 1, the convex combination of fk’s may be written as
f(z) =
∞∑
k=1
tkfk(z) = z −
∞∑
n=2
γnz
n +
∞∑
n=1
δnz¯
n, z ∈ D
where γn =
∑
∞
k=1 tkan,k (n = 2, 3, . . .) and δn =
∑
∞
k=1 tkbn,k (n = 1, 2, . . .). Since
∞∑
n=2
pn − αun
1− α
γn +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
δn
=
∞∑
k=1
tk
(
∞∑
n=2
pn − αun
1− α
an,k +
∞∑
n=1
qn − (−1)
j−iαvn
1− α
bn,k
)
≤
∞∑
k=1
tk = 1,
it follows that f ∈ T H(Φi,Ψj ;α) by Theorem 2.5. 
3. A particular case
For 0 ≤ α < 1, set UH(α) := H(z/(1− z) + z¯/(1− z¯), z;α). Then UH(α) denote
the set of all harmonic functions f ∈ H that satisfy Re f(z)/z > α for z ∈ D
and let T UH(α) := UH(α) ∩ T H. Applying Theorem 2.5 with pn − 1 = 0 = un
(n = 2, 3, . . .), qn − 1 = 0 = vn (n = 1, 2, . . .) and using the results of Section 2, we
obtain
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Theorem 3.1. Let the function f = h+ g¯ be such that h and g are given by (1.2)
and 0 ≤ α < 1. Then f ∈ T UH(α) if and only if
∞∑
n=2
An
1− α
+
∞∑
n=1
Bn
1− α
≤ 1.
Furthermore, if f ∈ T UH(α) then An ≤ 1 − α (n = 2, 3, . . .), Bn ≤ 1 − α (n =
1, 2, . . .) and
(3.1) (1 −B1)|z| − (1− α−B1)|z|
2 ≤ |f(z)| ≤ (1 +B1)|z|+ (1− α−B1)|z|
2
for all z ∈ D. In particular, the range f(D) contains the disk |w| < α.
Moreover, the extreme points of the class T UH(α) are {hn} and {gn} where
h1(z) = z, hn(z) = z − (1 − α)z
n (n = 2, 3, . . .) and gn(z) = z + (1 − α)z¯
n
(n = 1, 2, . . .).
Theorem 3.2. Let ak, bk > 0, ck > ak + bk for k = 1, 2. Then a necessary and
sufficient condition for the harmonic function Φ(z) = 2z − φ1(z) + φ2(z) to be in
the class T UH(α) is that
F (a1, b1, c1; 1) + F (a2, b2, c2; 1) ≤ 3− α,
where φ1 and φ2 are given by (2.3).
The upper bound given in (3.1) for f ∈ T UH(α) is sharp and equality occurs for
the function f(z) = z +B1z¯ + (1− α−B1)z¯
2 for B1 ≤ 1− α. In a similar fashion,
comparable results to Corollary 2.8 and Theorems 2.15, 2.16 for the class T UH(α)
may also be obtained. For further investigation of results regarding T UH(α), we
need to prove the following simple lemma.
Lemma 3.3. Let f = h + g¯ ∈ H where h and g are given by (1.1) with B1 =
g′(0) = 0. Suppose that λ ∈ (0, 1].
(i) If
∑
∞
n=2(|An|+ |Bn|) ≤ λ then f ∈ UH(1− λ);
(ii) If
∑
∞
n=2 n(|An|+ |Bn|) ≤ λ then f ∈ UH(1 − λ/2) and is starlike of order
2(1− λ)/(2 + λ).
The results are sharp.
Proof. Part (i) follows by Theorem 3.1. For the proof of (ii), note that
∞∑
n=2
(|An|+ |Bn|) ≤
1
2
∞∑
n=2
n(|An|+Bn|) ≤
λ
2
.
By part (i) of the lemma, f ∈ UH(1 − λ/2). The order of starlikeness of f follows
by [15, Theorem 3.6]. The functions z + λz¯2 and z + λz¯2/2 show that the results
in (i) and (ii) respectively are best possible. 
Using Corollary 2.13, Theorem 3.1 and Lemma 3.3(i), we obtain the following
corollary.
Corollary 3.4. The class T UH(α) is closed under the product ∗ˆ. In fact
T UH(α)∗ˆT UH(β) ⊂ T UH(1− (1− α)(1 − β))
for α, β ∈ [0, 1).
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A well-known classical result involving differential inequalities in univalent func-
tion theory is Marx Strohha¨cker theorem [13, Theorem 2.6(a), p. 57] which states
that if f is an analytic function in D with f(0) = 0 = f ′(0)− 1 then
Re
(
1 +
zf ′′(z)
f ′(z)
)
> 0 ⇒ Re
zf ′(z)
f(z)
>
1
2
⇒ Re
f(z)
z
>
1
2
(z ∈ D).
The function f(z) = z/(1−z) shows that all these implications are sharp. However,
this theorem does not extend to univalent harmonic mappings, that is, if f ∈ SH
maps D onto a convex domain then it is not true in general that Re f(z)/z > 0 for
all z ∈ D.. To see this, consider the harmonic half-plane mapping
L(z) =
z − 1
2
z2
(1 − z)2
+
− 1
2
z2
(1− z)2
, z ∈ D
which maps the unit disk D univalently onto the half-plane Rew > −1/2. Figure 1
shows that the function L(z)/z does not have a positive real part in D.
-2 -1 0 1 2
-2
-1
0
1
2
Figure 1. Graph of the function L(z)/z.
Denote by T S∗0H (α), T K
0
H(α) and T U
0
H(α), the classes consisting of functions
f in T S∗H(α), T KH(α) and T UH(α) respectively, for which fz¯(0) = 0. The next
theorem connects the relation between these three classes.
Theorem 3.5. For 0 ≤ α < 1, the following sharp inclusions hold:
(3.2) T K0H(α) ⊂ T U
0
H
(
3− α
2(2− α)
)
;
and
(3.3) T S∗0H (α) ⊂ T U
0
H
(
1
2− α
)
.
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Proof. Let f = h+ g¯ ∈ T H where h and g are given by (1.2). If f ∈ T K0H(α) then
∞∑
n=2
n(An +Bn) ≤
1
2− α
∞∑
n=2
n(n− α)(An +Bn) ≤
1− α
2− α
using [11]. By Lemma 3.3(ii) f ∈ T U0H((3 − α)/(2(2 − α))). Regarding the other
inclusion, note that if f ∈ T S∗0H (α) then
∞∑
n=2
(An +Bn) ≤
1
2− α
∞∑
n=2
(n− α)(An +Bn) ≤
1− α
2− α
by [12, Theorem 2, p. 474]. This shows that f ∈ T U0H(1/(2− α)) by Lemma 3.3(i)
as desired. The analytic functions z−(1−α)z2/(2(2−α)) and z−(1−α)z2/(2−α)
show that inclusions in (3.2) and (3.3) respectively are sharp. 
Remark 3.6. The proof of Theorem 3.5 shows that if f ∈ T K0H(α) then f is
starlike of order 2/(5− 3α) by applying Lemma 3.3(ii). This gives the inclusion
T K0H(α) ⊂ T S
∗0
H
(
2
5− 3α
)
.
It is not known whether this inclusion is sharp for α ∈ (0, 1). However, if α = 0
then the inclusion T K0H(0) ⊂ T S
∗0
H (2/5) is sharp with the extremal function as
f(z) = z + z¯2/4.
The functions in the class T UH(α) need not be univalent in D. The last theorem
of this section determines the radius of univalence, starlikeness and convexity of the
class T U0H(α).
Theorem 3.7. The radius of univalence of the class T U0H(α) is 1/(2(1−α)). This
bound is also the radius of starlikeness of T U0H(α). The radius of convexity of the
class T U0H(α) is 1/(4(1− α)).
Proof. Let f = h+ g¯ ∈ T U0H(α) where h and g are given by (1.2) and let r ∈ (0, 1)
be fixed. Then r−1f(rz) ∈ T U0H(α) and we have
∞∑
n=2
n(An +Bn)r
n−1 ≤
∞∑
n=2
(
An
1− α
+
Bn
1− α
)
≤ 1
provided nrn−1 ≤ 1/(1 − α) which is true if r ≤ 1/(2(1 − α)). In view of [18,
Theorem 1, p. 284], f is univalent and starlike in |z| < 1/(2(1 − α)). Regarding
the radius of convexity, note that
∞∑
n=2
n2(An +Bn)r
n−1 ≤
∞∑
n=2
(
An
1− α
+
Bn
1− α
)
≤ 1
provided n2rn−1 ≤ 1/(1 − α) which is true if r ≤ 1/(4(1 − α)). The function
f(z) = z + (1− α)z¯2 shows that these bounds are sharp. This completes the proof
of the theorem. 
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